Abstract. This paper characterizes the quasilocal fields from the class of Henselian valued fields with totally indivisible value groups, over which there exist finite separable extensions of nontrivial defect. We show that every nontrivial divisible subgroup of the quotient group Q/Z of the additive group of rational numbers by the subgroup of integers is realizable as a Brauer group of such a quasilocal field.
Introduction and statements of the main results
Let K be a field, K sep a separable closure of K, G K = G(K sep /K) the absolute Galois group of K and Π(K) the set of those prime numbers for which the Sylow pro-p-subgroups of G K are nontrivial. The field K is called primarily quasilocal (abbr, PQL), if every cyclic extension F of K is embeddable as a subalgebra in each central division K-algebra D of Schur index ind(D) divisible by the degree [F : K]; we say that K is quasilocal, if its finite extensions are PQL-fields. The notion of a quasilocal field extends the one of a local field and defines a class which contains p-adically closed fields and Henselian discrete valued fields with quasifinite residue fields (cf. [23] , Ch. XIII, Sect. 3, [21] , Theorem 3.1 and Lemma 2.9, and [3] , Proposition 6.4). Other examples of quasilocal fields, mostly, of nonarithmetic nature (from the perspective of [3] , (1.2), (1.3) and Corollary 5.2), can be found in [5] .
The purpose of this paper is to find a satisfactory characterization of the quasilocal property in the class of Henselian valued fields with totally indivisible value groups. When finite separable extensions of the considered Henselian fields are defectless, such a characterization is contained in [1] , Theorem 2.1. This, combined with the first main result of the present paper, solves the considered problem in general. The statement of the result is simplified by the notion of a quasiinertial extension introduced in Section 2.
(i) v(K)/qv(K) is of order q and K sep contains as a subfield a quasiinertial Z q -extension Y of K q , such that every finite extension L q of K q in K sep with L q ∩ Y = K q is totally ramified;
(ii) r(p) Kp ≤ 2, for each p ∈ Π(K) \ {q}.
The second main result of this paper can be stated as follows: (ii) v(K) is Archimedean and totally indivisible, K/ Φ is an algebraic extension, and K possesses an immediate Z q -extension I ∞ .
Brauer groups of quasilocal fields have influence on a wide spectrum of their algebraic properties (see, e.g., [2] , I, Lemma 3.8 and Theorem 8.1, [2] , II, Lemmas 2.3 and 3.3, [4] , Sects. 3 and 4, and [5] , Sects. 1 and 6). Note also that, by [3] , Corollary 5.2, Br(K) is divisible and embeds in Q/Z whenever (K, v) is a Henselian valued quasilocal field with v(K) totally indivisible. Therefore, Theorem 1.2 can be viewed as a complement to Theorem 1.1, which clearly shows that the study of the fields dealt with in the present paper does not reduce to the special case singled out by [1] , Theorem 2.1.
The basic notation, terminology and conventions kept in this paper are standard and essentially the same as in [2] , I, [3] and [4] . Throughout, Brauer and value groups are written additively, Galois groups are viewed as profinite with respect to the Krull topology, and by a profinite group homomorphism, we mean a continuous one. We write P for the set of prime numbers, and for each p ∈ P, Z p is the additive group of p-adic integers and Z(p ∞ ) is the quasicyclic p-group. For any profinite group G, we denote by cd(G) the cohomological dimension of G, and by cd p (G) its cohomological p-dimension, for each p ∈ P. Given a field E, Br(E) p is the p-component of the Brauer group Br(E), p Br(E) = {δ ∈ Br(E) : pδ = 0}, for a fixed p ∈ P, and P (E) = {p ∈ P : E(p) = E}, where E(p) is the maximal pextension of E in E sep . For any p ∈ P (E), r(p) E is the rank of G(E(p)/E) as a pro-p-group; r(p) E := 0 in case p / ∈ P (E). We write s(E) for the class of finite-dimensional central simple E-algebras, d(E) stands for the class of division algebras D ∈ s(E), and for each A ∈ s(E), [A] is the similarity class of A in Br(E). For any field extension E ′ /E, I(E ′ /E) denotes the set of its intermediate fields. The field E is called p-quasilocal, for some p ∈ P, if Br(E) p = {0}, or p / ∈ P (E), or every extension of E in E(p) of degree p embeds as an E-subalgebra in each ∆ p ∈ d(E) of index p. By [2] , I, Theorem 4.1, E is PQL if and only if it is p-quasilocal, for each p ∈ P (E).
Preliminaries on Henselian valuations
Let K be a field with a nontrivial (Krull) 
, and let v(K) and K be the value group and the residue field of (K, v), respectively. We say that v is Henselian, if it is uniquely, up-to an equivalence, extendable to a valuation v L on each algebraic field extension L/K. It is known that v is Henselian if and only if (K, v) satisfies the following (HenselRychlik) condition (cf. [11] , Sect. 18.1): 
is not divisible by any p ∈ P, p = char( K). 
, where d µ is the discriminant of f µ . Our main objective in the rest of this Section is to show that M/K is quasiinertial if and only if any of the following three equivalent conditions is fulfilled:
It follows from the inequalities
, and the transitivity of traces in towers of finite separable extensions (cf. [17] , Ch. VIII, Sect. 5) that if M/K satisfies (2.6) (i) and M 0 ∈ I(M/K), then M/M 0 and M 0 /K satisfy (2.6) (i) as well. When (2.6) (iii) holds, the assertion that M/K is quasiinertial is standardly proved by assuming the opposite, using again trace transitivity. Let r ∈ O v (M ) be a primitive element of M/K. It is easily obtained (by applying in an obvious manner basic linear algebra, including Vandermonde's determinant) that if
. We show that (2.6) (i)→(2.6) (ii). Note first that if the set v(K) 0 = {γ ∈ v(K) : γ > 0} contains a minimal element, then the fulfillment of (2.6) (i) or (2.6) (iii) is equivalent to the condition that M/K is inertial (in the sense of [13] ). Therefore, it suffices to prove that (2.6) (i)→(2.6) (ii) in case v(K) 0 does not contain a minimal element. Assume that (2.6) (i) holds,
, this implies the stated inequality. The proof in general is carried out by induction on n, under the inductive hypothesis that n ≥ 2 and, for a field
, provided that u ′ = u ′′ and α u ′ and α u ′′ are conjugate over K ′ . Now take indices u ′ and u ′′ so that α u ′ and α u ′′ are not conjugate over
Denote by S u ′ and S u ′′ the sets of roots in M ′ of the minimal polynomials over K ′ of α u ′ and α u ′′ , respectively. Using the normality of
. This completes the proof of the equivalence (2.6) (i)↔(2.6) (ii). The obtained results also indicate that if M/K is quasiinertial, then so are M/M 0 and M 0 /K, for every M 0 ∈ I(M/K). Moreover, it becomes clear that each condition in (2.6) is equivalent to the one that M/K is quasiinertial. When M/K is Galois, one concludes in addition that (2.6) (ii) can be restated as follows:
With assumptions being as above, let I ∞ be a field from I(K(p)/K). We say that I ∞ /K is norm-inertial, if I/K is norm-inertial, for finite extension I of K in I ∞ . The extension I ∞ /K is called quasiinertial, if finite extensions of K in I ∞ are is quasiinertial. The defined notions are related as follows:
(ii) If I ∞ /K is an immediate norm-inertial Galois extension and H = pH whenever H is a nontrivial isolated subgroup of v(K), then I ∞ /K is quasiinertial; when this holds, I ∞ /I is quasiinertial, for every I ∈ I(I ∞ /K).
Statement (2.8) (i) is easily proved by applying (2.2) and (2.6). The latter assertion of (2.8) (ii) is implied by (2.6) and the former one. As in the proof of implication (2.6) (i)→(2.6) (ii), one sees that it suffices to prove the former part of (2.8) (ii) in the special case where v(K) ≤ R and v(K) is noncyclic. Let I be a finite Galois extension of K in I ∞ , and let θ be an element of ∇ 0 (I), such that
Assuming the opposite, one obtains the existence of a nontrivial cyclic subgroup H ≤ G(I/K) and of an element
where J is the fixed field of H and p h is the order of H. Thus it turns out that
The obtained contradiction proves the stated property of the roots of f θ . Since pv(K) is dense in R, this implies the former assertion of (2.8) (ii). The first part of this Section contains a proof of Theorem 1.1. The Henselian property of (K, v) ensures that
As shown in the proof of [4] , Proposition 6.1, these observations enable one to prove that condition (ii) holds if and only if K p is p-quasilocal, for each p ∈ Π(K) \ {q}. In view of [2] , I, Lemma 8.3, it suffices for the proof of Theorem 1.1 to establish the fact that that K q is q-quasilocal if and only if condition (i) is fulfilled. The left-to-right implication has been proved in [4] , so our objective is to prove the converse one. Put w = v Kq , denote by H the maximal q-divisible isolated subgroup of w(K q ), and for each n ∈ N, let Y n be the extension of K q in Y of degree q n . Considering w H instead of w, one concludes that our proof reduces to the special case where H = {0} (see the proof of [4] , Proposition 6.1, for more details). We first show that
Then it follows from Galois theory and the projectivity of Z q [12] 
Since Y /K q is norm-inertial, this enables one to deduce from (2.8) (ii), Hilbert's Theorem 90 and general properties of cyclic algebras (cf. [19] , Corollary b)
Observing also that Y Y ′ /Y ′ is norm-inertial (as follows from (2.6), (2.8) and (2.3)), one concludes that
. In view of [19] , Sect. 15.1, Proposition b, the obtained result implies that
Assume that p ∈ P (E), E(p)/E is immediate, r(p) E ∈ N, and in the mixed characteristic case, E contains a primitive p-th root of unity. Then:
Proof. The immediacy of E(p)/E ensures that v(E) = pv(E) (cf. [6] , Remark 4.2). Hence, by [3] , Lemma 3.2, and our assumption on r(p) E , E is perfect. We show that Br(E) p = {0} and G(E(p)/E) is a free pro-p-group. When char(E) = p, this is a special case of [14] , Proposition 4.4.8, and [22] , Ch. II, Proposition 2, respectively. If E contains a primitive p-th root of unity, the two assertions are equivalent (by Galois cohomology, see [24] , page 265, [22] , Ch. I, 4.2, and [26] , page 725), so their validity follows from [9] , Proposition 3.4 (or [3] , Proposition 2.5). This indicates that G(E(p)/E) ∼ = G Y , for some field Y of characteristic p [16] , (4.8) (see also [1] , Remark 2.6). The obtained result, combined with Galois theory and Witt's lemma (see [7] , Sect. 15), completes the proof of Lemma 3.1 (i) and (ii). Since the class of free pro-p-groups is closed under taking open subgroups (cf. [22] , Ch. I, 4.2 and Proposition 14), statements (2.6) and (2.7) imply that it suffices for the proof of Lemma 3.1 (iii) to show that every extension F of E in E(p) is quasiinertial. Let ψ be a generator of G(F/E). Clearly, the claimed property of F/E can be deduced from the following assertion:
Suppose first that char(E) = p and E is perfect. Then the Artin-Schreier theorem implies the existence of a sequence t = {t n ∈ M v (E) : n ∈ N}, such that t p n+1 = t n = 0 and the polynomial X p − X − t −1 n is irreducible over E with a root ξ n ∈ F , for each index n. Observing that ξ −1 n = t n p−1
Therefore, ∇ 0 (F ) contains the elements λ n = ξ n ψ(ξ −1 n ), n ∈ N, and v F (λ n − 1) = p −1 v(t n ), for every index n. The obtained result proves (3.1) in the case where char(E) = p and E is perfect. Assume now that E contains a primitive p-th root of unity. In view of Kummer theory and the equality ∇ 0 (K)K * p = K * (cf. [10] , Lemma 3.3), F is generated over K by a p-th root of the sum 1 + π, for some π ∈ M v (K). We prove Lemma 3.1 (iii) together with the following statement: (3.2) There exists a sequence π n ∈ M v (K), n ∈ N, such that (1 + (ε − 1) p π −1 n )K * p = (1 + π)K * p and 1/n > v(π n ) > v(π n+1 ), for each n ∈ N. As r(p) K ∈ N, Kummer theory ensures the existence of a real number d > 0, such that the coset λK * p has a representative in ∇ d (K), for each λ ∈ K * p . Therefore, for each n ∈ N, M v (K) contains elements a n,j : j = 1, . . . , n,
for every sufficiently large n. Note also that ∇ v(p) (K) contains the element (1 + n j=1 a p n,j )(1 + n j=1 a n,j ) p . Thus it turns out that there exist elements
, for each index n. As F/K is immediate, this implies that v(b n ) < v(ε − 1), for each n ∈ N, which enables one to prove that the sequence v(b n ), n ∈ N, increases and converges to v(ε − 1). Since v(p) = (p − 1)v(ε − 1), the obtained result indicates that the sequence π n = (ε − 1) p /(pb n ), n ∈ N, satisfies (3.2). Moreover, it follows from (2.2) that there exists N 0 ∈ N, such that the polynomial X p −X−π −1 n is irreducible over K and has a root η n ∈ F , for each n > N 0 . In this case, it also turns out that v
, n ∈ N, satisfies (3.1), which proves Lemma 3.1 (iii).
Lemma 3.2. Let (E, w) be a Henselian valued field with char( E) = q > 0, w(E) = qw(E) and Br(E) q = {0}. Assume also that w(E) is Archimedean and E ′ ∈ I(E sep /E) is the root field over E of the binomial X q − 1. Then:
(i) E is perfect, w(E)/qw(E) is of order q, q ∈ P (E) and finite extensions of E in E(q) are totally ramified;
(ii) For any cyclic extension
Proof. The assertion that q ∈ P (E) is implied by the fact that (E, w) satisfies condition (i) of (2.4). Since, by [15] , Theorem 3.16, E is a nonreal field, [27] , Theorem 2, indicates that E(q) contains as a subfield a Z q -extension Γ of E. In particular, [E(q) : E] = ∞. Let L be a finite extension of E in E(q), and let [L : E] = q k . It is clear from [4] , Theorem 3.1, and the triviality of Br(E) q that N (L/E) = E * . Hence, by the Henselian property of w, q k w(L) = w(E), which implies in conjunction with (2.3) and the inequality w(E) = qw(E) that Φ = E and w(E)/q k w(E) is a cyclic group of order q k . These observations prove Lemma 3.2 (i). For the proof of Lemma 3.2 (ii), it suffices to observe that the set Y (Φ) = {Y ∈ I(E ′ (q)/E) : Y ∩ Φ = E}, partially ordered by inclusion, satisfies the conditions of Zorn's lemma, to take as Γ 0 any maximal element of Y (Φ), and again to apply [27] , Theorem 2. Remark 3.3. Retaining assumptions and notation as in Lemma 3.2 with its proof, put Γ * = E(q) ∩ Γ 0 and denote by Γ n the extension of Γ 0 in E ′ (q) of degree q n , for each n ∈ N. Observing that E ′ /E is cyclic and [E ′ : E] | (q−1), one obtains that E ′ (q)/E is Galois and Γ 0 contains a primitive q-th root of unity unless char(E) = q. Note further that [Γ * : E] = ∞. Indeed, it follows from Lemma 3.2 (i), [6] , Remark 4.2, [4] , Remark 2.8, and the triviality of Br(E) q that r(q) E = ∞. Hence, by Galois theory and Lemma 3.2 (ii), there are infinitely many extensions of E in Γ * of degree q, so we have [Γ * : E] = ∞, as claimed. It is therefore clear from Lemmas 3.1 and 3.2, Galois theory and (2.3) that E ′ (q)/Γ 0 is an immediate quasiinertial Z q -extension.
Proof of Theorem 1.2
Fix an algebraic closure Φ of Φ sep , put S(T ) = {p ∈ P : T p = {0}}, S ′ (T ) = {q} ∪ (P \ S(T )), and let U be the compositum of the inertial extensions of Φ in Φ sep . Denote by U 0 the maximal extension of Φ in U whose finite subextensions have degrees not divisible by any p ∈ S(T ) \ {q}. The assumptions on Φ, ω and Φ and the definition of U 0 indicate that U 0 /Φ is a Galois extension with G(U 0 /Φ) isomorphic to the topological group product
, whence U 0 is infinite. As Φ is quasilocal, the obtained result proves that Br(U 0 ) π ′ = {0}, for each π ′ ∈ S ′ (T ). At the same time, it follows from (2.4) and the equality ω(U 0 ) = ω(Φ) that Φ(q) / ∈ I(U 0 /Φ), which ensures that q ∈ P (U 0 ). Observing that ω U 0 is discrete and Henselian, one obtains from [25] , Proposition 2.2, that finite extensions of U 0 in Φ sep are defectless. Since Φ is perfect, U 0 does not possess inertial proper extensions in U 0 (q), and Br(U ′ 0 ) q = {0}, for every U ′ 0 ∈ I(Φ/U 0 ), one also concludes that finite extensions of U 0 in U 0 (q) are totally ramified and G(U 0 (q)/U 0 ) is a free pro-q-group. Note that r(q) U 0 = ∞; since ω U 0 is Henselian and discrete, this follows from [20] , (2.7), and the infinity of U 0 (as well as from Remark 3.3 and the fact that Br(U 0 ) q = {0}). The rest of our proof relies on the observation that the set Σ of all Θ ∈ I(Φ sep /U 0 ) with Θ ∩ U = U 0 , and such that the degrees of finite extensions of U 0 in Θ are not divisible by q, satisfies the conditions of Zorn's lemma with respect to the partial ordering by inclusion. Fix a maximal element Θ ′ ∈ Σ and put ω ′ = ω Θ ′ . Then it follows from Galois theory, (2.3) and the noted properties of U 0 that Θ ′ satisfies the following:
Galois theory and the former assertion of (4.1) (iii) imply the existence of a Z q -extension Γ of Θ ′ in Φ sep . Put Γ 0 = Θ ′ , and for each n ∈ N, let Γ n be the extension of Θ ′ in Γ of degree q n . It follows from Galois theory and the assumption on Φ that the compositum U ′ = Θ ′ ΓU is a Galois extension of Θ ′ with G(U ′ /Θ ′ ) ∼ = π∈S(T ) Z π . In particular, this implies cd(G(U ′ /Θ ′ )) = 1, which means that G(U ′ /Θ ′ ) is a projective profinite group (cf. [12] , Theorem 1). Note also that the set Σ = { Θ ∈ I(Φ/Θ ′ ) : Θ ∩ U ′ = Θ ′ }, partially ordered by inclusion, satisfies the conditions of Zorn's lemma. Let K be a maximal element of Σ,ṽ = ω K andk the residue field of ( K,ṽ). It is easily verified that K andk are perfect fields, and it follows from the projectivity of G(U ′ /Θ ′ ) that Φ = U ′ K. Hence, by Galois theory and the equality
Our argument, combined with the former part of (4.1) (iii), also proves that there exists a Z q -extension of Θ ′ in K. Since ω is discrete, this enables one to deduce the former part of the following assertion from (4.1) (i), (ii) and (2.3):
for each n ∈ N, and U K(q)/U K is quasiinertial.
As Γ/Θ ′ is a Z q -extension and K ∩U ′ = Θ ′ , the latter part of (4.2) follows at once from the former one, Galois theory and Lemma 3.1 (iii). Fix a positive number γ ∈ R \ Q and a rational function field K(X) in one indeterminate. It is easily verified thatṽ is uniquely extendable to a valuation v γ of K(X) so that v γ (X) = γ. In addition, it follows from the choice of γ that v γ ( K(X)) is Archimedean and equal to the sum of Q and γ . In addition, it becomes clear that v γ ( K(X)) ∼ = Q ⊕ γ (as abstract groups) and the residue field of ( K(X), v γ ) coincides withk. Note also thatv γ (Φ(X)) = v γ ( K(X)), wherev γ is the valuation of Φ(X) naturally extendingṽ Φ and v γ . Now fix a Henselization K of K(X) relative to v γ , and denote by v the Henselian valuation of K , extending v γ . The established properties of v γ ( K(X)) and the equality v γ ( K(X)) = v(K) indicate that v(K)/pv(K) is of order p and v(γ) / ∈ pv(K), for any p ∈ P; in particular, v(K) is totally indivisible. We show that K, v and I ∞ /K have the properties required by Theorem 1.2, where I ∞ = ΓK. As a first step towards this, we prove the following: (4.3) (i) K is algebraically closed in K and ΦK/K is a Galois extension with
(ii) ΓΩ/Ω is a quasiinertial extension, for every Ω ∈ I(Φ/K).
At the same time, it follows from the definition of v γ that an element ρ ∈ Φ lies in K(X) vγ if and only if ρ ∈ Kṽ. Observing finally that K is algebraically closed in Kṽ (because K is perfect andṽ is Henselian), one concludes that K is algebraically closed in K. In view of Galois theory, this means that ΦK/K is a Galois extension with G(ΦK/K) ∼ = G K . Using the equalitiesv γ (Φ(X)) = v γ ( K(X)) = v(K), and replacing K by any of its finite extensions in Φ, one obtains further that v(ΦK) = v(K). As cd p ′ (Gk) = 0, for every p ′ ∈ P \ S(T ), this result implies in conjunction with (2.3) and (4.2) that ΓK/K is immediate and Γ ∩ K = Θ ′ , so (4.3) (i) is proved. Note that Γ K/ K is quasiinertial; this follows from the concluding assertion of (4.2), trace transitivity in towers of finite separable extensions, and the fact that q does not divide the degree of any finite extension of K in U K. Since v(K) ≤ R, v prolongsṽ upon K, and K is algebraically closed in K, this enables one to deduce (4.3) (ii) from Galois theory and (2.6).
Our next objective is to show that Br(K) p = {0} if and only if p ∈ S(T ). Suppose first that p / ∈ S(T ). Then p † [ M : K], for any finite extension M of K, which ensures that Br(K) p ∩ Br(ΦK/K) = {0} (cf. [19] , Sect. 13.4). On the other hand, ΦK/Φ is a field extension of transcendency degree 1, so it follows from Tsen's theorem (see [19] , Sect. 19.4) that Br(ΦK) = {0}. It is therefore easy to see that Br(K) = Br(ΦK/K) and Br(K) p = {0}. Assume now that p ∈ S(T ). Then it follows from Galois theory and (4.3)
In order to complete the proof of Theorem 1.2 it remains to be shown that Br(K p ) ∼ = Z(p ∞ ) and K is quasilocal (see [2] , I, Lemma 8.3, and [3] , Lemma 3.3 (i)). Let G p be a Sylow pro-p-subgroup of G K and K p the fixed field of G p . The equality
is of order p. When p = q, this enables one to deduce from (4.3) and [10] ,
p is a group of order p 2 . As K p contains a primitive p-th root of unity and Br(K) p ∩ Br(K p /K) = {0}, the obtained results and Galois cohomology (see [26] , Lemma 7, [18] , (11.5), and [22] , Ch. I, 4.2) prove that G p is a Demushkin group, r(p) Kp = 2 and Br(K p ) ∼ = Z(p ∞ ). Hence, by [2] , I, Lemma 3.8, K p is p-quasilocal. To conclude with, we show that K q is q-quasilocal and Br(K q ) ∼ = Z(q ∞ ). Ask is perfect, cd q (Gk) = 0 and K =k, K q is an algebraic closure ofk, so we have Z = K q , for each Z ∈ I(K sep /K q ). In addition, it follows from Tsen's theorem that Br(K q ) = Br(ΓK q /K q ). Applying (4.3), (2.8) and (2.6), one also sees that ∇ 0 (Γ 1 ) ⊆ N (Γ n K q /Γ 1 K q ), for each n ∈ N. As Γ 1 K q /K q is immediate, this enables one to deduce from (2.5) and Hilbert's Theorem 90 that an element θ ∈ K * q lies in N (Γ ν K q /Γ 1 K q ), for a given index ν, if and only if θ q ∈ N (Γ ν K q /K q ). Since Br(ΓK q /K q ) = ∪ ∞ n=1 Br(Γ n K q /K q ), these observations and the canonical isomorphisms Br(Γ n K q /K q ) ∼ = K * q /N (Γ n K q /K q ), n ∈ N (cf. [19] , Sect. 15.1, Proposition b), prove that q Br(K q ) = Br(Γ 1 K q /K q ). The obtained result, combined with the fact that K q is algebraically closed and v(K q )/qv(K q ) is of order q, proves that N (Γ 1 K q /K q ) = {µ ∈ K * q : v(µ) ∈ qv(K q )}, q Br(K q ) is of order q and Br(K q ) ∼ = Z(q ∞ ). Let now Λ be an extension of K q in K sep , such that [Λ : K q ] = q and Λ = Γ 1 K q , and let V q (Λ) = {λ ∈ Λ : v Λ (λ) ∈ qv(Λ)}. Applying (4.3) and (2.5), and arguing as in the proof of the isomorphism Br(K q ) ∼ = Z(q ∞ ), one obtains consecutively the following results: (4.4) (i) V q (Λ) ⊆ N (Γ 1 Λ/Λ); τ (λ ′ )λ ′−1 ∈ N (Γ 1 Λ/Λ), for each λ ′ ∈ Λ * and every generator τ of G(Λ/K q );
(ii) Br(Γ 1 Λ/Λ) = q Br(Λ) = {0}; hence N (Γ 1 Λ/Λ) = Λ * .
Since Λ is algebraically closed and v(Λ)/qv(Λ) is of order q, one also proves the following: (ii) K * ⊆ N (Γ 1 Λ/Λ), provided that Λ is totally ramified over K q ; when this holds, Br(Γ 1 /K q ) ⊆ Br(Λ/K q ) = q Br(K q ).
In view of (4.4) (ii) and (4.5) (ii), it suffices, for the proof of the q-quasilocal property of K q , to show that Λ/K q is totally ramified. Assuming the opposite, one gets from (2.3) and the equality Λ = K q that Λ/K q is immediate. Fix a generator τ of G(Λ/K q ), denote by τ ′ the Γ 1 -automorphism of Γ 1 Λ extending τ , and put D ρ = (Λ/K q , τ, ρ), ∆ ρ = (Γ 1 Λ/Γ 1 , τ ′ , ρ), for some ρ ∈ K * q . Clearly, ∆ ρ ∼ = D ρ ⊗ Kq Γ 1 over Γ 1 . Hence, the equality Br(Γ 1 /K q ) = q Br(K q ) requires that [∆ ρ ] = 0 in Br(Γ 1 ). On the other hand, (4.5) (i) and the assumption on Λ/K q imply Γ 1 Λ/Γ 1 is immediate. This shows that if v(ρ) / ∈ qv(K q ), then D ρ ∈ d(K q ) and ∆ ρ ∈ d(Γ 1 ), whence [∆ ρ ] = 0. The observed contradiction proves that Λ/K q is totally ramified, so K q is q-quasilocal (as seen, with Br(K q ) ∼ = Z(q ∞ )). As S(T ) = {p ∈ P : Br(K) p = {0}}, this result, [3] , Lemma 3.3 (i), and isomorphisms Br(K p ) ∼ = Z(p ∞ ), p ∈ S(T ), yield Br(K) ∼ = T . Theorem 1.2 is proved.
